Abstract. In the framework of homological characterizations of relative hyperbolicity, Groves and Manning posed the question of whether a simply connected 2-complex X with a linear homological isoperimetric inequality, a bound on the length of attaching maps of 2-cells and finitely many 2-cells adjacent to any edge must have a fine 1-skeleton. We provide a positive answer to this question. We revisit a homological characterization of relative hyperbolicity, and show that a group G is hyperbolic relative to a collection of subgroups P if and only if G acts cocompactly with finite edge stabilizers on an 1-acyclic cell complex with a linear homological Dehn function and P is a collection of representatives of conjugacy classes of vertex stabilizers.
Introduction
In this article, we investigate the relation between the notion of fine graph and homological isoperimetric inequalities of combinatorial complexes. The results are a strengthened version of of a homological characterization of relatively hyperbolic groups by Groves and Manning [8, Theorem. 3.25] , and a positive answer to a question posed in their paper [8, Question. 2.51] .
We work in the category of combinatorial complexes and combinatorial maps as defined, for example, in [2, Chapter I.8, Appendix]. All group actions on complexes are by combinatorial maps.
The notion of fine graph was introduced by Bowditch [1] in his investigations on the theory of relatively hyperbolic groups.
Definition 1.1 (Fine graph). A graph Γ is a 1-dimensional combinatorial complex. A circuit is a simple closed combinatorial path. A graph Γ is fine if for every edge e and each integer L > 0, the number of circuits of length at most L which contain e is finite.
Let K denote either Z, Q or R. For a cell complex X, the cellular chain group C i (X, K) is a free K-module with a natural ℓ 1 -norm induced by a basis formed by the collection of all i-dimensional cells of X, each cell with a chosen orientation from each pair of opposite orientations. This norm, denoted by γ 1 , is the sum of the absolute value of the coefficients in the unique representation of the chain γ as a linear combination over K of the elements of the basis. The following result exhibits the natural relation between the notions of fine graph and homological Dehn function in the context of G-spaces. Observe that a necessary condition for FV X,K being finite-valued is that X has trivial first homology group over K. (1) X has fine 1-skeleton and H 1 (X, Z) is trivial, (2) FV X,Z (k) < ∞ for any integer k.
Definition 1.4 (Homological isoperimetric inequalities)
. Let X be a complex. We shall say that X satisfies a homological isoperimetric inequality over K if FV X,K (k) < ∞ for any integer k, and we say that X satisfies a linear homological isoperimetric inequality over Question 1.5 was raised in the context of homological isoperimetric inequalities over the rational numbers. It can also be interpreted in the context of homological isoperimetric inequalities over the integers. In both cases the answer is yes, but in the integer case the hypotheses on the space is weaker. It is a question of Gersten of whether FV X,Q dominates FV X,Z for X a simply-connected complex, where domination means there is C ≥ 0 such that FV X,Z (k) ≤ C · FV X,Q (k), see [3, Section 4 , open question] and [4, Introduction] . A positive answer to this question would imply that in Theorem 1.6, for the rational case, only the assumptions that X is simply-connected and FV X,Q (k) < ∞ are sufficient to conclude fineness.
The type of homological functions of Definition 1.2 have been considered in the contexts of relatively hyperbolic groups for example in [8, 10, 13] . We use the first statement of Theorem 1.6 together with some results in the literature to provide a characterization of relatively hyperbolic groups in terms of homological Dehn functions, Theorem 1.8. This characterization resembles the approach to relative hyperbolicity by Osin in terms of a relative Dehn function [14] , strengthens the homological characterization by Groves and Manning [8, Thm. 3.25] , and extends a characterization of hyperbolic groups by Gersten [5, Theorem 3.1] .
We use the definition of relatively hyperbolic groups by Bowditch in terms of cocompact actions on fine graphs [1] . This approach is equivalent to Gromov's [7] and Osin's [14] definitions when restricted to the class of finitely generated groups, see [9, 14] . We remark that in Definition 1.7 the group G is not assumed to be finitely generated, and there are no assumptions on the subgroups in P. A complex X is n-acyclic if the reduced homology groupsH i (X, Z) are trivial for k ≤ n. The rest of this note is organized in two sections. The first section contains some results on the relation between fine graphs and homological Dehn function over integers and, in particular, the proof of Theorem 1.3. The second section contains the proofs of Theorems 1.6 and 1.8.
Theorem 1.8 (Relative hyperbolicity characterization). Let G be a group and let P be a finite collection of subgroups. Then G is hyperbolic relative to P if and only if there is an
1-acyclic G-complex X such that (1) the G-action on X is cocompact, (2) there is C ≥ 0 such that FV X,Z (k) ≤ Ck for every k.,(3)
Fine graphs and The homological Dehn function over Z
In this section, we only consider homological Dehn functions over Z, so through all the section FV X and · ∂ shall denote FV X,Z and · ∂,Z . For statements of results we use the standard notation.
For a complex X, a basis of C n (X, Z), as a free abelian group, induced by the collection of n-cells consists of the collection of n-cells, each cell with a chosen orientation from the each pair of opposite orientations. Given a basis of C n (X, Z) induced by the n-cells, and an n-cell c, we shall denote byc the corresponding element of the basis. The proof of Proposition 2.1 requires to introduce the notions of disjoint 1-chains and special 2-chain based at a 1-cell, and two preliminary observations. Proof. Let {ē i } i∈I be a basis of C 1 (X), as free abelian group, induced by the 1-cells of X. This means {ē i } i∈I is the collection of 1-cells of X, each cell with a chosen orientation. Suppose that γ = i∈I c iēi . Since γ is induced by a circuit, observe that for every proper subset J I we have that either i∈J c iēi = γ, or i∈J c iēi = 0, or ∂ i∈J c iēi 0. Therefore, if γ = α + β where α, β ∈ Z 1 (X, Z) are disjoint, then either α = 0 or β = 0. Definition 2.4. Let X be a complex and fix bases of C 1 (X, Z) and C 2 (X, Z) induced by the 1-cells and 2-cells of X respectively. Let e be a 1-cell of X, and letē be the corresponding element of the basis of C 1 (X, Z). A special 2-chain based at e is a 2-chain µ such that there is a sequencef 1 , . . . ,f n of elements of the basis of C 2 
the 1-chainsē and ∂ f 1 are not disjoint, and
ǫ ifi is a special 2-chain of X based at e, then for every k ≤ n, the chain
Proof of Proposition 2.1. Fix bases of C 1 (X, Z) and C 2 (X, Z) induced by the 1-cells and 2-cells of X respectively. We will show that for any 1-cell e, any circuit γ containing e is (as a 1-cycle) the boundary of a special 2-chain µ based at e such that µ 1 ≤ FV X ( γ 1 ), this is Claim 1 below. Since FV X is finite-valued, it follows that it is enough to prove that for each positive integer n and each 1-cell e of X, there are finitely many special 2-chains based at e with ℓ 1 -norm bounded from above by n, this is Claim 2 below.
Claim 1, minimal area fillings are special. Let γ be a 1-cycle induced by a circuit in the 1-skeleton of X containing e, and let µ be a 2-chain such that ∂µ = γ and µ 1 = γ ∂ . Then µ is a special 2-chain based at e, and in particular µ 1 ≤ FV X ( γ 1 ).
Indeed, we have a unique expression µ = i∈I ǫ ifi where eachf i is an element of the basis of C 2 (X, Z), ǫ i = ±1, and µ 1 equals the cardinality of I. Consider a non-empty proper subset of J I and consider the 1-cycles α = ∂ i∈J ǫ ifi and β = ∂ i∈I\J ǫ ifi . Since µ 1 = γ ∂ , we have that α and β are non-zero cycles. Since γ = α + β is a 1-cycle induced by a circuit, Lemma 2.3 implies that α and β are not disjoint. An induction argument then shows that we can order I = {1, · · · , n} so that µ = n i=1 ǫ ifi , the 1-chains e and ∂f 1 are not disjoint, and for every k < n the 1-cycles k i=1 ǫ ifi and ∂f k+1 are not disjoint. Claim 2. Let n be a positive integer and let e be a 1-cell of X. Then there are finitely many special 2-chains based at e with ℓ 1 -norm equal n Now we use the hypothesis that each 1-cell of X is adjacent to finitely many 2-cells. Let n i=1 ǫ ifi be a special 2-chain based at e. By the hypothesis, there are finitely many choices forf 1 . Once we have chosen Proof of Proposition 2.6. Since the 1-skeleton of X is fine graph and G acts cocompactly, then for each positive integer n, the G-action on the collection of circuits in the 1-skeleton of X of length at most n has finitely many orbits.
Observe the induced actions of G on the cellular chain groups C i (X) preserve the ℓ 1 -norm and commute with the boundary maps. In particular, the norm · ∂ on Z 1 (X, Z) induced by C 2 (X, Z) is G-equivariant. Since there are finitely many circuits of length at most n in the 1-skeleton of X up to the G-action, there exists a constant B n with the following property: α ∂ ≤ B n for every 1-cycle α such that α 1 ≤ n and α is represented by a circuit of length at most n in the 1-skeleton of X.
Let γ ∈ Z 1 (X) be a cellular 1-cycle of X such that γ 1 ≤ n. Invoke Lemma 2.7 to have an expression γ = γ 1 + γ 2 + · · · + γ k where each γ i is a 1-cycle represented by a circuit and such that γ 1 = γ 1 1 + · · · + γ k 1 and k ≤ n. It is almost immediate that γ ∂ ≤ γ 1 ∂ + · · · + γ k ∂ . It follows that γ ∂ ≤ nB n and hence FV X (n) ≤ nB n .
Proof of Theorem 1.3. Observe that if X is a cocompact G-cell complex with finite stabilizers of 1-cells, then each 1-cell is adjacent to finitely many 2-cells. The result follows from Proposition 2.6 and Proposition 2.1.
Isoperimetric functions and FV X,Z .
We refer the reader to [2, Appendix: Combinatorial 2-Complexes] for a discussion on van Kampen diagrams which are used below. 
Definition 2.8 (Isoperimetric function). A function f : N → N is an isoperimetric function for a complex X if it is monotonic non-decreasing and whenever P is a closed edge path of X, there is van Kampen diagram D for P with area bounded from above by f (|P|), where |P| denotes the combinatorial length of the path.

Definition 2.9 (Superadditive closure). A function f
where the maximum is taken over all k ≤ n and all partitions n 1 + n 2 + · · · + n k of n. We shall refer toḡ as the superadditive closure of g. 
The following proposition is a version of the statement that hyperbolicity in terms of thin triangles implies a linear isoperimetric inequality. 
where C is the maximal length of the boundary path of a 2-cell in X, from which follows that Proof. Observe that the barycentric subdivision of a fine graph is fine. Moreover, the 1-skeleton of the barycentric subdivision of X is obtained from the barycentric subdivision of the 1-skeleton of X after G-equivariantly attaching finitely many orbits of new arcs (the half-diagonals or diagonals of higher dimensional cells). This type of construction was explicitly shown to preserve fineness in [11, Lem. 2.9]; alternatively it also follows from [1, Lem. The following theorem is a version by Gersten of the fact that a (standard) linear isoperimetric inequality implies hyperbolicity. Proof. The assumption that there is a bound on the length of the attaching maps of 2-cells implies that the 1-skeleton of X and the one of its barycentric subdivision are quasiisometric. Since hyperbolicity is invariant under quasi-isometry, in view of Lemma 2.13, we can replace X with its barycentric subdivision and assume that the attaching maps of 2-cells are circuits. Let γ be a circuit in the 1-skeleton of X. Abusing notation we denote by γ the induced 1-cycle. Since X has trivial first homology, there is a 2-chain β ∈ C 2 (X) such that ∂β = γ and γ ∂ = β 1 . Let N be an upper bound for the length of boundary paths of 2-cells of X, which are assumed to be circuits. It follows that γ = ∂β = m i=1 ǫ i γ i where each γ i is a 1-cycle induced by a circuit of length at most N, and m = β 1 . It follows that m = β 1 ≤ FV X,Z ( γ 1 ) ≤ C γ 1 , where C depends only on X. Therefore the 1-skeleton of X is FZ N and satisfies a weak linear isoperimetric inequality. By Theorem 3.2, the 1-skeleton of X is a hyperbolic graph. Since FV X is finite-valued, Proposition 2.1 implies that the 1-skeleton of X is fine.
Results implying hyperbolicity in terms of homological linear isoperimetric inequality over Q or R are more subtle. In the case that X is the universal cover of a K(G, 1) with finite 2-skeleton and FV X,K is linearly bounded, Gersten proved that FV X,Z is also linearly bounded using constructions by Papasoglu and Ol'shanskii, see [3, Theorems 5.1 and 5.7] and the references there in. This argument was revisited by Mineyev in [12, Theorem 7] . Groves and Manning remarked that these arguments do not rely in the complex X being locally finite, and observed that the following result holds. Proof. The only if part follows from the observation that for a circuit c, the ℓ 1 -norm of the induced 1-cycle and the combinatorial length |c| are equal. For the if part, invoking Lemma 2.7, any cycle γ ∈ Z 1 (X, Z) is a finite sum i α i where each α i is a 1-cycle induced by a circuit and γ 1 = i α i 1 . For this type of expression, we have that γ ∂ ≤ i α i ∂ from which implication follows.
Proof of Theorem 1.8.
Proof of Theorem 1.8. Let Γ be a connected, fine, hyperbolic graph equipped with a Gaction as in Definition 1.7. Invoke Proposition 2.12 to obtain an integer n such that X = Ω n (Γ) is a simply-connected complex with 1-skeleton Γ and with linear isoperimetric function. The G-action on Γ extends to an action on X. By construction, the collection of 2-cells of X are in one-to-one correspondence with circuits in Γ of length at most n. Since there are finitely many G-orbits of 1-cells in Γ and each 1-cell appears in finitely many circuits of length at most n, there are finitely many G-orbits of 2-cells. Remark 2.10 and Lemma 2.11 imply that FV X,Z is bounded from above by a linear function.
Conversely, suppose that there is a complex X with the four properties. By cocompactness there is a bound on the length of attaching maps of 2-cells. Then Corollary 3.3 implies that the 1-skeleton Γ of X is a fine hyperbolic graph, and hence the G-action on Γ satisfies Definition 1.7 of relative hyperbolicity.
